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graphs with n vertices.
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1. Introduction

A graph G = (V,E) with vertex set V = {1, 2, 3, . . . , n} is called a permutation

graph iff there exists a permutation π = {π(1), π(2), . . . , π(n)} on V such that for

all i1, i2 ∈ V , (i1, i2) ∈ E if and only if (i1 − i2){π−1(i1)− π−1(i2)} < 0, where for

each i1 ∈ V , π−1(i1) denotes the position of the number i1 in π [24]. The concept

of permutation graphs is introduced by Adin and Roichman. Permutation graph

is a sub-class of intersection graphs [24] and comparability graphs [51]. A permu-

tation graph can also be created by its corresponding matching diagram which

contains two horizontal parallel lines, one is top line and the other is bottom line.

A permutation graph and its matching diagram are shown in Fig. 1.

The matching diagram of a permutation graph can be formed in O(n2) time only

when the graph is given in the form of an adjacency list/adjacency matrix [24, 46].

For this reason, we presume that a permutation representation is given for the input

graph. Also, we create two arrays: one is π(j), j = 1, 2, 3, . . . , n used to store the

permutation numbers and other array is π−1(j), j = 1, 2, 3, . . . , n used to store the

inverse permutation of π. We can compute the array π−1(j) from array π in O(n)

time.

1.1. Some definitions

For a graph G = (V,E), a vertex dominates itself and all of its adjacent vertices.

A set D ⊆ V is called a dominating set of a graph G if every vertex in V is

dominated by at least one vertex in D. A dominating set D is called minimal if

there does not exist any D′ ⊂ D such that D′ is also a dominating set of the

same graph. Various types of domination like connected domination [21], k-hop

domination [23, 38, 56], k-tuple domination [40, 41, 52, 55], weighted domination

[11], edge domination [43, 49, 59], independent domination [12], locating domination

[44], total/open domination [10, 20, 25, 30, 31] and paired-domination [16–19, 32,

35, 37, 39, 50, 53] have been studied in the literature, see [13, 27, 28, 33]. A set
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Fig. 1. A permutation graph G and its matching diagram.
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Dk ⊆ V is said to be a k-hop dominating set (k-HDS) of a graph G = (V,E) if every

vertex x ∈ V is within k-distances from at least one vertex t ∈ Dk, i.e. d(x, t) ≤ k,

where k is a fixed positive integer. For the particular case k = 1, 1-hop dominating

set is named as dominating set. Slater mentions a k-HDS as a k-basis [56] and

develops the k-basis problem in a more general form called R-dominating set. Now,

a dominating set Dk is known to be minimum k-hop connected dominating set of

a graph G, if it is minimal as well as it is k-HDS and the subgraph of G made by

Dk is connected.

1.2. Applications

Domination is a crucial problem in graph theory. There are several applications (see

[1, 6–9]) of domination in the real world such as radio stations, modeling of biolog-

ical networks, facility location problems, land surveying, computer communication

networks, problems of locating radar stations, school bus routing, coding theory

and kernels of games, etc. Though there are lot of applications of k-hop domination

in the real life, an explanation in terms of communication networks will be used

here. If V represents a set of cities and an edge represents a communication link,

then, as in [42], everybody wants to select a minimum number of cities as sites for

transmitting stations so that every city either contains a transmitter or can receive

messages from at least one of the transmitting stations through the links. If only

direct transmissions are acceptable, then one wishes to compute a minimum 1-hop

dominating set. If communication over paths of k links (but not of k + 1 links) is

adequate in quality and rapidity, the problem becomes that of computing a k-HDS

with minimum number vertices. For enhancing the performance of efficiency in com-

munication, a connected dominating set is used as the virtual backbone of wireless

networks.

1.3. Survey of the related works

In graph theory, domination problems have been researched deeply by many re-

searchers. In 1862, the chess master de Jaenisch wrote a paper [22] on the appli-

cations of mathematical analysis on chess. Chang [13] has broadly studied about

domination in graphs. Furthermore, various types of domination can be found in

[14, 20, 25–31, 57]. Among the various forms of domination, there are some brief

discussion on the k-hop domination in the literature, see [2, 13, 25, 27, 28, 32, 33, 43,

47, 53, 59]. Demaine et al. [23] studied the class of planar graph (and some other

graphs also) G and composed an algorithm for computing an optimal k-HDS in

O(n4) time, where |V (G)| = n. Basuchowdhuri et al. [5] set up influential nodes for

social network using k-HDS. They also proved that decision version of the k-HDS

problem is NP-complete. Henning et al. [34] proved that the problem on hop dom-

inating set is NP-complete for planar chordal graphs and planar bipartite graphs.

Also, Farhadi et al. [36] ascertained that the problem on k-HDS is NP-complete for

planar chordal graphs and planar bipartite graphs. Natarajan et al. [47] studied the
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equality of hop domination number and other parameters on domination such as

connected domination number and total domination number on complete graphs,

Petersen graphs, complete bipartite graphs, cycles, paths and wheels. Furthermore,

Ayyaswamy et al. [2] observed the bounds on the hop domination number of a

tree. Rana et al. [54] have presented an efficient algorithm for solving the distance

k-domination problem on permutation graphs. Kundu et al. [38] gave an O(n) time

algorithm for discovering an optimal k-HDS of a tree. Recently, Barman et al. [4]

presented an optimal algorithm to compute a minimum k-HDS of interval graphs

in O(n) time.

1.4. Main outcome

In our paper, we present an O(n)-time algorithm to compute a minimum k-hop

connected dominating set of undirected and connected permutation graph with

n vertices. We compute analytically a connected dominating set but it varies in

terms of number of hops essential to dominate all the nodes. We have generalized

the matter as k-hop connected dominating set problem on permutation graphs.

1.5. Organization of the paper

In Sec. 2, we recapitulate about the formation of BFS-tree T ∗(1) of permutation

graphs. Some notations concerned to our problem are also presented in this section.

In Sec. 3, we prove some vital results concerned to the k-hop connected dominating

set of permutation graphs. An algorithm is also presented for finding a minimum

k-hop connected dominating set of permutation graphs in Sec. 4. Also, the time

and space complexity are calculated in this section. The conclusion is written in

Sec. 5.

2. BFS-Tree and Principal Path on It

In graph theory, breadth first search (BFS) is a well-known and crucial graph traver-

sal technique. Also, it can set up a BFS-tree. In BFS, it started with vertex x as

root; at first, we visit those vertices which are adjacent to x. After then, for each

of the adjacent vertices of x, we visit their unvisited adjacent vertices. We carry on

until all vertices within reach from the root x have been visited.

To the best of our knowledge, the time complexity to form a BFS-tree on general

graphs is O(n+m) [58]. A BFS algorithm on tree is presented by Chen et al. [15].

Besides these, Olariu [48] and Mondal et al. [45] formed BFS tree, respectively, on

interval and trapezoid graphs in O(n)-time. Also, Barman et al. [3] designed an

Algorithm PBFS to form a BFS tree T ∗(x) taking root as x on the permutation

graph in O(n)-time. The BFS tree T ∗(1) rooted at 1 of the permutation graph of

Fig. 1 is displayed in Fig. 2. We take the level of a vertex u as a distance of u from

the root 1 of the tree T ∗(1) and denoted by level(u), u ∈ V and take the level of

root 1 as 0. The level of each vertex on BFS-tree T ∗(1), 1 ∈ V can be determined

by the BFS algorithm of Chen and Das [15].
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Fig. 2. BFS-tree T ∗(1) of permutation graph G of Fig. 1.

Now, for the BFS-tree T ∗(1) taking root as 1, let w be any vertex at level h,

where h is the height of the BFS-tree T ∗(1). We presume that the shortest path

between 1 and w which is w → parent(w) → parent(parent(w)) → · · · → 1 as the

principal path between 1 and w. Furthermore, the vertex on the principal path at

level i is denoted by v∗i , i = 0, 1, . . . , h.

2.1. Some notations

Here, we present some notations which are essential throughout the paper.
v∗i : v∗i is the vertex on the principal path of the BFS-tree

T ∗(1) at level i.
N(v) : open neighborhood set of the vertex v, i.e. N(v) = {x : (x, v) ∈ E}.
N [v] : closed neighborhood set of the vertex v, i.e. N [v] = N(v) ∪ {v}.
Mi : Mi is the set of vertices at level i on the BFS-tree T ∗(1).
Xi : Xi = Mi − {v∗i }.
h : the height of the BFS-tree T ∗(1).
d(x, y) : the shortest distance between two vertices x and y.

Dk : k-hop connected dominating set.

3. Important Results Relating to Dk of Permutation Graphs

Lemma 1. If X1 = φ or if (x, v∗1) ∈ E, for all x ∈ M1, then v∗k is a possible

member of Dk.

Proof. Let xi be any member of the set Xi, for i = 0, 1, 2, . . . , h. So, d(v∗k, v
∗
0) = k

(as v∗0 → v∗1 → v∗2 → · · · → v∗k). Now, if X1 = φ, then d(v∗k, xi) ≤ k + 2 − i

(as xi → v∗i−1 → v∗i → v∗i+1 → · · · → v∗k or xi → v∗i → v∗i+1 → v∗i+2 → · · · →
v∗k or xi → v∗i+1 → v∗i+2 → · · · → v∗k), for i = 2, 3, . . . , (k − 1). Furthermore,

d(v∗k, xk) ≤ 2 (as xk → v∗k−1 → v∗k or xk → v∗k). Therefore, d(v
∗
k, x) ≤ k, for all

x ∈ ⋃k
i=0 Mi.
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Again, if (x, v∗1) ∈ E, for all x ∈ M1, then d(v∗k, x1) ≤ k (as x1 → v∗1 → v∗2 →
v∗3 → · · · → v∗k or x1 → v∗2 → v∗3 → · · · → v∗k). Also, d(v

∗
k, xi) ≤ k + 2 − i (as

xi → v∗i−1 → v∗i → v∗i+1 → · · · → v∗k or xi → v∗i → v∗i+1 → v∗i+2 → · · · → v∗k
or xi → v∗i+1 → v∗i+2 → · · · → v∗k), for i = 2, 3, . . . , (k − 1) and d(v∗k, xk) ≤ 2

(as xk → v∗k−1 → v∗k or xk → v∗k). Therefore, d(v
∗
k, x) ≤ k, for all x ∈ ⋃k

i=0 Mi.

Therefore, v∗k is a possible member of Dk.

Lemma 2. If at least one member of M1 − {v∗1} is not adjacent with v∗1 and if

(x, v∗2) ∈ E, for all x ∈ M1 then v∗k is a possible member of Dk.

Proof. Let xi be any member of the set Xi, for i = 0, 1, 2, . . . , h and y be a member

of X1 such that (y, v∗1) �∈ E and (y, v∗2) ∈ E. Since parent(y) = v∗0 , d(v
∗
k, y) = k − 1

(as y → v∗2 → v∗3 → · · · → v∗k). Also, d(v
∗
k, v

∗
0) = k (as v∗0 → v∗1 → v∗2 → · · · → v∗k)

and d(v∗k, x1) ≤ k (as x1 → v∗1 → v∗2 → · · · → v∗k or x1 → v∗2 → v∗3 → · · · → v∗k),
for all x1 ∈ X1. Now, d(v∗k, xi) ≤ k + 2 − i (as xi → v∗i−1 → v∗i → v∗i+1 →
· · · → v∗k or xi → v∗i → v∗i+1 → · · · → v∗k or xi → v∗i+1 → v∗i+2 → · · · → v∗k),
for i = 2, 3, . . . , (k − 1). Furthermore, d(v∗k, xk) ≤ 2 (as xk → v∗k−1 → v∗k or

xk → v∗k). Hence, d(v
∗
k, x) ≤ k, for all x ∈ ⋃k

i=0 Mi. Therefore, v
∗
k is a possible

member of Dk.

Lemma 3. For all x ∈ ⋃k−1
i=0 Mi, d(v

∗
k−1, x) ≤ k.

Proof. Let xi be any member of the set Xi, for i = 0, 1, 2, . . . , h. So, d(v∗k−1, v
∗
0) =

k − 1 ≤ k (as v∗0 → v∗1 → v∗2 → · · · → v∗k−1) and d(v∗k−1, x1) ≤ k (as x1 → v∗0 →
v∗1 → v∗2 → · · · → v∗k−1 or x1 → v∗1 → v∗2 → · · · → v∗k−1 or x1 → v∗2 → v∗3 → · · · →
v∗k−1). Now, d(v

∗
k−1, xi) ≤ k + 1 − i (as xi → v∗i−1 → v∗i → v∗i+1 → · · · → v∗k−1

or xi → v∗i → v∗i+1 → · · · → v∗k−1 or xi → v∗i+1 → v∗i+2 → · · · → v∗k−1), for

i = 2, 3, . . . , (k − 2). Furthermore, d(v∗k−1, xk−1) ≤ 2 (as xk−1 → v∗k−2 → v∗k−1 or

xk−1 → v∗k−1). Therefore, d(v
∗
k−1, x) ≤ k, for all x ∈ ⋃k−1

i=0 Mi.

Corollary 1. v∗k−1 is always a possible member of Dk.

Lemma 4. If at any stage, v∗l is a member of Dk, then d(v∗l , x) ≤ k, for all

x ∈ ⋃k
i=1 Ml+i.

Proof. Let at any stage, v∗l be a member of the setDk and xi be any member of the

set Mi, for i = 0, 1, 2, . . . , h. We know that, parent(xi) = v∗i−1, for i = 1, 2, 3, . . . , h.

So, d(v∗l , xl+i) ≤ i ≤ k (as v∗l → v∗l+1 → v∗l+2 → · · · → v∗l+i−1 → xl+i), for

i = 1, 2, . . . , k. So, d(v∗l , x) ≤ k, for all x ∈ ⋃k
i=1 Ml+i.

Lemma 5. For all x ∈ ⋃h
i=h−k+1 Mi, d(v

∗
h−k, x) ≤ k, where h ≥ k.

Proof. Let xi be any member of the set Mi, for i = 0, 1, 2, . . . , h(≥ k). We

know that, parent(xi) = v∗i−1, for i = 1, 2, 3, . . . , h. So, d(v∗h−k, xh−k+i) = i ≤ k
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(as v∗h−k → v∗h−k+1 → · · · → v∗h−k+i−1 → xh−k+i), for i = 1, 2, 3, . . . , k. Therefore,

d(v∗h−k, x) ≤ k, for all x ∈ ⋃k
i=1 Mh−k+i.

Corollary 2. v∗h−k is always a possible member of Dk, where h ≥ k.

Lemma 6. For all x ∈ ⋃2k−1
i=0 Mi, d(v

∗
k−1, x) ≤ k.

Proof. Let xi be any member of the setMi, for i = 0, 1, 2, . . . , h. Now, by Lemma 3,

d(v∗k−1, x) ≤ k, for all x ∈ ⋃k−1
i=0 Mi. Again, we know that, parent(xi) = v∗i−1, for

i = 1, 2, 3, . . . , h. So, d(v∗k−1, xk+i) = i+1 (as v∗k−1 → v∗k → v∗k+1 → · · · → v∗k+i−1 →
xk+i), for i = 0, 1, 2, 3, . . . , k − 1. Hence, d(v∗k−1, x) ≤ k, for all x ∈ ⋃2k−1

i=0 Mi.

Lemma 7. If h < k, then Dk = {v∗i }, where i is any one of the set {0, 1, 2, . . . , h}.

Proof. Let h < k and xi be any member of the set Xi, for i = 0, 1, 2, . . . , h.

Now, by Lemma 4, d(v∗0 , x) ≤ h < k, for all x ∈ ⋃h
i=1 Mi. Hence, v

∗
0 is a possible

member of Dk . Now, we show that v∗h is also a possible member of Dk. We know,

d(v∗h, v
∗
0) = h < k (as v∗0 → v∗1 → · · · → v∗h). Also, d(v

∗
h, xi) ≤ (h + 2 − i) ≤ k (as

xi → v∗i−1 → v∗i → · · · → v∗h or xi → v∗i → v∗i+1 → · · · → v∗h or xi → v∗i+1 → v∗i+2 →
· · · → v∗h), for i = 1, 2, 3, . . . , h. So, d(v∗h, x) ≤ k, for all x ∈ ⋃h

i=0 Mi. Hence, v
∗
h is

also a possible member of Dk. Therefore, if h < k, then v∗i be a possible member

of Dk, where i is any member of the set {0, 1, 2, . . . , h}.

Lemma 8. If k ≤ h ≤ (2k − 1), then Dk = {v∗k−1}.

Proof. Let xi be any member of the set Mi, for i = 0, 1, 2, . . . , h. We know, by

Lemma 6, d(v∗k−1, x) ≤ k, for all x ∈ ⋃2k−1
i=0 Mi. Therefore, if k ≤ h ≤ (2k − 1),

then Dk = {v∗k−1}.

4. Algorithm and its Complexity

All probable cases for selecting the members of Dk are formerly presented in terms

of lemmas. We have noticed that the last possible member ofDk will be v∗h−k, h ≥ k.

Also, the vertex v∗k−1 can be considered as a member of Dk at any situation (by

Corollary 1). Furthermore, v∗k may be a possible member of Dk, depends upon some

conditions discussed in Lemmas 1 and 2. But our target is to compute the set Dk in

such a way that |Dk| must be minimum. Now, we present our proposed algorithm

for finding a minimum k -hop connected dominating set Dk of permutation graphs:

Algorithm MKHCDS

Input: A permutation representation i, π(i) of a permutation graph G, for i =

1, 2, 3, . . . , n.

Output: Minimum k-hop connected dominating set Dk of the permutation

graph G.
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Step 1: Construct the BFS-tree T ∗(1) with root at 1 and initially, let Dk = φ and

v∗0 = 1.

Step 2: Compute the vertices on the principal path of the BFS-tree T ∗(1) and
let them be v∗i , i = 0, 1, 2, 3, . . . , h.

Step 3: Compute the sets Mi, i = 0, 1, 2, 3, . . . , h.

Step 4: If h < k

then Dk = Dk ∪ {v∗l },
where l is any one member of the set {0, 1, 2, 3, . . . , h}.
//Lemma 7//

else if k ≤ h ≤ 2k − 1

then Dk = Dk ∪ {v∗k−1}. //Lemma 8//

else if X1 = φ or (x, v∗1) ∈ E or (x, v∗2) ∈ E, for all x ∈ M1

then Dk = Dk ∪ {v∗k, v∗k+1, . . . , v
∗
h−k}. //Lemma 2 and Corollary 2//

else Dk = Dk ∪ {v∗k−1, v
∗
k, . . . , v

∗
h−k}. //Corollaries 1 and 2//

end if

end MKHCDS.

Using Algorithm MKHCDS, we get a minimum 4-hop connected dominating

set D4 = {10, 9} of the permutation graph G of Fig. 1.

Lemma 9. The set Dk is a minimum k-hop connected dominating set of permu-

tation graph.

Proof. In Algorithm MKHCDS, if h < k then, by Lemma 7, we set Dk ={v∗l },
where l is any one member of the set {0, 1, 2, 3, . . . , h}. So, in that case, Dk is

minimum and connected. Again, if k ≤ h ≤ 2k − 1, then, by using Lemma 8, we

set Dk ={v∗k−1}. Therefore Dk is minimum and connected for k ≤ h ≤ 2k − 1.

Moreover, when h ≥ 2k, there are two possible vertices v∗k (using Lemma 2) or

v∗k−1 (using Corollary 1) for selecting the first member of Dk. Here v∗k dominates

|⋃2k
i=0 Mi| vertices and v∗k−1 dominates |⋃2k−1

i=0 Mi| vertices. Also, |⋃2k
i=0 Mi| >

|⋃2k−1
i=0 Mi|. For this reason, we select v∗k as the first member of Dk, if possible. If it

is not possible, only then we select v∗k−1 as the first member of Dk. Again, we select

v∗h−k, by Corollary 2, as a last member of Dk as d(v∗h−k, x) = k, for all x ∈ Mh.

The other member of Dk (excluding v∗k (or v∗k−1) and v∗h−k) are selected in such a

way that each vertex of V is within k steps from at least one member of Dk. So,

Dk is minimum k-HDS. Now, we have to prove that Dk is connected. Since all the

members of Dk lie on the principal path of the BFS-tree T ∗(1) of the permutation

graph G and we know that tree is a connected graph. So, the graph (which is a

path) induced by the members of Dk is a subgraph of the permutation graph G.

Hence, Dk is connected. Therefore, Dk is a minimum k-hop connected dominating

set of permutation graph.
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Theorem 1. The time complexity and space complexity for computing a minimum

k-hop connected dominating set Dk of a permutation graph are same and equals to

O(n), where |V | = n.

Proof. In Step 1, the time taken to construct the BFS-tree T ∗(1) is O(n) [3]. Since

the principal path contains only h + 1 vertices, so the members of principal path

(identified at Step 2) can be computed in O(n) time. In Step 3, i.e. the sets Mi,

i = 0, 1, 2, . . . , h can be calculated in O(n) time asMi, i = 0, 1, 2, . . . , h are mutually

exclusive. In Step 4, if h < k or k ≤ h ≤ (2k − 1), then Dk can be computed in

constant time as |Dk| = 1. On the other hand, if h ≥ 2k, then time complexity for

finding v∗k(or v
∗
k−1) is O(2|M1|) < O(n). Hence, Step 4 can be finished in O(n) time

as |Dk| ≤ n. Therefore, overall time complexity of algorithm MKHCDS is O(n)

time.

Now, in permutation representation of a permutation graph, there are two sets:

one is V = {1, 2, . . . , n} and other set is π(i), i = 1, 2, . . . , n. So, one can store these

two sets in O(n) space. Also, for BFS-tree T ∗(1), we can store the sets Mi, i =

0, 1, 2, . . . , h in O(n) space as Mi, i = 0, 1, 2, . . . , h are pairwise mutually exclusive

sets. Furthermore, minimum k-hop connected dominating set Dk can be stored in

O(n) space as |Dk| ≤ n. Hence the total space complexity of Algorithm MKHCDS

is O(n).

5. Conclusion

In graph theory, k-hop domination has lot of applications in real world. Here, we

design an optimal algorithm for computing a minimum k-hop connected dominat-

ing set of simple, undirected and connected permutation graphs G(V,E) in O(n)

time, where |V | = n. We realize that it would be engrossing to design an optimal

algorithm to find a minimum k-hop connected dominating set of trapezoid graphs,

circular-arc graphs and unit disc graphs, etc.
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